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Abstract — Electric vehicles with independently controlled 
drivetrains allow torque-vectoring, which enhances active safety 
and handling qualities. This paper proposes an approach for the 
concurrent control of yaw rate and sideslip angle based on a single 
input single output (SISO) yaw rate controller. With the SISO 
formulation, the reference yaw rate is firstly defined according to 
the vehicle handling requirements, and is then corrected based on 
the actual sideslip angle. The sideslip angle contribution 
guarantees a prompt corrective action in critical situations such as 
incipient vehicle oversteer during limit cornering in low tire-road 
friction conditions. A design methodology in the frequency domain 
is discussed, including stability analysis based on the theory of 
switched linear systems. The performance of the control structure 
is assessed via: i) phase-plane plots obtained with a non-linear 
vehicle model; ii) simulations with an experimentally validated 
model, including multiple feedback control structures; and iii) 
experimental tests on an electric vehicle demonstrator along step 
steer maneuvers with purposely induced and controlled vehicle 
drift. Results show that the SISO controller allows constraining 
the sideslip angle within the predetermined thresholds and yields 
tire-road friction adaptation with all the considered feedback 
controllers. 
 
Index Terms — Electric vehicle; Torque-vectoring; Yaw rate 
control; Sideslip angle control; Tire-road friction coefficient; 
Controlled drift; Experimental tests 
LIST OF SYMBOLS 
ܽ: front semi-wheelbase 
ܽ௫: longitudinal acceleration 
ܽ௬: lateral acceleration 
ܣ, ܤ, ܥ: state-space matrices of the plant  
ܣ௜, ܤ௜, ܥ௜, ܦ௜: state-space matrices of the plants considered in 
the stability analysis (݅ =	1, 2, 3)  
ܣ௦, ܤ௦, ܥ௦: state-space matrices of the shaped plant 
ܾ: rear semi-wheelbase 
ܥଵ: front axle cornering stiffness 
ܥଶ: rear axle cornering stiffness 
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݀: half-track width 
ܦ(ݏ): denominator of ܩ௥ெೋ(ݏ), ܩ௥ఋ(ݏ), ܩఉெೋ(ݏ) and ܩఉఋ(ݏ) 
ܦு(ݏ): denominator of ܩ௥ఋ,ு(ݏ) and ܩఉఋ,ு(ݏ) 
ܦௌ(ݏ): denominator of ܩ௥ఋ,ௌ(ݏ) and ܩఉఋ,ௌ(ݏ) 
݁௜௡௧ : integral of the yaw rate error 
௜݂: functions expressing the linearized vehicle dynamics model 
formulations 
ܨ: coefficient of the sideslip-based correction 
ܨ௦: matrix of the observer form implementation of the H∞ 
controller 
ܨ௑: traction or braking force 
ܩ௥ெೋ(ݏ): transfer function of yaw moment to yaw rate  
ܩ௥ఋ(ݏ): transfer function of steering angle to yaw rate  
ܩ௥ఋ,ு(ݏ): transfer function of steering angle to yaw rate, 
handling case 
ܩ௥ఋ,ௌ(ݏ): transfer function of steering angle to yaw rate, 
stability case 
ܩఉெೋ(ݏ): transfer function of yaw moment to sideslip angle 
ܩఉఋ(ݏ): transfer function of steering angle to sideslip angle 
ܩఉఋ,ு(ݏ): transfer function of steering angle to sideslip angle, 
handling case 
ܩఉఋ,ௌ(ݏ): transfer function of steering angle to sideslip angle, 
stability case 
ℎ௠௔௫: maximum value of system uncertainties and disturbances 
ܪ௦: matrix of the observer form implementation of the H∞ 
controller 
ܫ: identity matrix 
ܬ௭: yaw mass moment of inertia of the vehicle 
݇: ratio between ݎ௛ and ߜ in a simplified version of the yaw rate 
controller 
݇௔೤: factor for the definition of the reference yaw rate in the 
linearized model 
݇ଵ, ݇ଶ: tuning parameters of the sideslip-based correction 
ܭ: gain of the discontinuous part of the ISMC 
ܭ௣: proportional gain  
ܭ௜: integral gain 
݉: vehicle mass 
ܯ௓: direct yaw moment  
ܯ௓,ூௌெ஼ : direct yaw moment from the ISMC 
ܯ௓,௉ூ : direct yaw moment from the PI controller 
ܯ௓,௦௪: discontinuous contribution of the ISMC 
ܯ௓,௦௪,௙: filtered value of the discontinuous contribution of the 
ISMC 
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∗ܰ: stability derivatives of the yaw moment balance equation of 
the single-track vehicle model, ∗	= ߚ, ݎ, ߜ 
௥ܰெೋ(ݏ): numerator of ܩ௥ெೋ(ݏ) 
௥ܰఋ(ݏ): numerator of ܩ௥ఋ(ݏ) 
ఉܰெೋ(ݏ): numerator of ܩఉெೋ(ݏ) 
ఉܰఋ(ݏ): numerator of ܩఉఋ(ݏ) 
௥ܰఋ,ு(ݏ): numerator of ܩ௥ఋ,ு(ݏ) 
ఉܰఋ,ு(ݏ): numerator of ܩఉఋ,ு(ݏ) 
௥ܰఋ,ௌ(ݏ): numerator of ܩ௥ఋ,ௌ(ݏ) 
ఉܰఋ,ௌ(ݏ): numerator of ܩఉఋ,ௌ(ݏ) 
݌௜: brake pressure demand for the ݅-th wheel (݅ =	1, 2, 3, 4) 
݌௔: accelerator pedal position 
݌௕: brake pedal position 
ܲ: positive definite matrix 
ݎ: yaw rate 
ݎ௛: handling yaw rate 
ݎ௥௘௙: reference yaw rate 
ݎ௥௘௙,ௌௌ: steady-state reference yaw rate 
ݎ௦: stability yaw rate 
ݎ௦௔௧: saturation yaw rate 
ܴ௪: wheel radius 
ݏ: Laplace operator 
ݐ: time 
ݐ௙: final time of the relevant part of the maneuver 
ݐ௜ : initial time of the relevant part of the maneuver 
ݑ: control input to the linearized model in the frequency domain 
study 
ݑ௦: control input to the shaped plant 
ܸ: vehicle speed 
∗ܻ: stability derivatives of the lateral force equation of the 
single-track vehicle model, ∗	= ߚ, ݎ, ߜ 
ܹ(ݏ): transfer function of yaw rate error to direct yaw moment 
௉ܹூ : transfer function of the PI compensator 
௦ܹ: transfer function of the shaped plant 
ݔ: state vector of the linearized model 
ݔො௦: observer state vector of the shaped plant 
ݕො௦: observer output vector of the shaped plant 
ݖ: term of the ISMC sliding variable 
ܼ௦, ܺ௦: solutions of the generalized algebraic Riccati equations 
of the H∞ loop shaping optimization 
ߚ, ̇ߚ: vehicle sideslip angle and sideslip rate at the center of 
mass 
ߚ௔௖௧ : activation value of the sideslip-based correction 
ߚ஽: dynamic sideslip angle 
ߚ௦௦,ூ, ߚ௦௦,ூூ: steady-state values of ߚ, i.e., the equilibria, in the 
phase-plane analyses 
ߚ௧௛: upper threshold of the sideslip-based correction 
ߜ: steering angle at the wheel 
߂ܽ௬: tuning parameter of sideslip-based correction 
ߞ: damping ratio associated with ܦ(ݏ) 
ߪ: sliding variable 
ߪ଴: conventional term of the sliding variable 
߬௜: torque demand at the ݅-th wheel (݅ =	1, 2, 3, 4) 
߬ூௌெ஼: time constant of the ISMC filter 
߬௅: torque demand for the left side of the vehicle 
߬ோ: torque demand for the right side of the vehicle 
߮: parameter of the solution of the algebraic Riccati equation 
߱௡: natural frequency associated with ܦ(ݏ) 
I. INTRODUCTION 
lectric vehicles with multiple motors allow torque-
vectoring (TV). This feature permits to generate a direct 
yaw moment through the controlled variation of the left-to-
right wheel torque distribution. TV has been extensively studied 
in the literature as it enhances safety and drivability. For 
example, TV enables the design of the cornering response, i.e., 
to target a steady-state reference yaw rate characteristic, with 
the additional benefit of increasing yaw and sideslip damping 
during transients [1-9]. Moreover, TV systems can enhance 
energy efficiency [10-14]. 
Accurate estimation of the tire-road friction coefficient is 
required [15-16] for the generation of the reference yaw rate. 
TV controllers using a reference yaw rate based on excessive 
values of the friction coefficient may lead to vehicle oversteer, 
i.e., a potentially dangerous vehicle response [17-18], while a 
conservative estimate of the friction coefficient prevents the 
agility benefits of TV control. However, friction estimation [19-
22] is difficult, especially for continuously active controllers, 
which require smooth profiles of the reference yaw rate. In fact, 
even a reasonably accurate estimation of the friction coefficient 
can generate drivability issues in TV systems, if it oscillates 
around the correct value. Such problem is less critical in 
production vehicles with stability controllers based on the 
actuation of the friction brakes, as they intervene only in 
emergency conditions. The tolerance on the yaw rate error 
before the system intervention compensates the effect of the 
reference yaw rate oscillations induced by the tire-road friction 
estimation. Moreover, it is much easier to estimate the friction 
coefficient from the measured longitudinal and lateral 
accelerations if the vehicle is already at the cornering limit, 
which is the case for stability controllers. 
As an alternative to a reference yaw rate continuously 
dependent on the estimated tire-road friction conditions, the 
yaw rate controller of a TV system can be coupled with a 
sideslip angle controller. In fact, it is generally easier to estimate 
the vehicle sideslip angle than the tire-road friction coefficient 
[23].  
The combined yaw rate and sideslip controllers are based on 
two inputs, e.g., a yaw rate and a sideslip angle related input, 
and produce a single value of direct yaw moment. However, as 
explained in [24], “it is not possible to control the yaw rate and 
the sideslip angle independently, using only the yaw moment. 
Trying to control both properties leads to a functionally 
uncontrollable system with uncontrollable directions. 
Controlling the lateral velocity (or the sideslip angle) and the 
yaw rate is possible only by including an additional device like 
an active steering system.” Hence, if an additional actuation 
system is not available, the multi-variable controller should 
include an appropriate algorithm to prioritize yaw rate or 
sideslip tracking depending on the driving conditions. The need 
for a careful design of the balance between the yaw rate and 
sideslip contributions is a challenging problem in terms of 
conventional linear control theory.  
Several multi-variable formulations for concurrent yaw rate and 
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sideslip angle control have been proposed in the literature. For 
example, Reference [1] uses a linear quadratic regulator where 
the direct yaw moment is a function of the yaw rate, the lateral 
component of the velocity of the center of gravity, and the 
steering angle, while the cost function minimizes the weighted 
combination of the yaw rate error and control effort, without 
considering vehicle sideslip. Although the lateral component of 
vehicle velocity is used in the formulation, the controller does 
not include any target sideslip angle value, and is thus unable to 
stabilize the vehicle if the reference yaw rate is not compatible 
with the available tire-road friction conditions. Reference [9] 
calculates two independent reference direct yaw moments, one 
based on the yaw rate error, and the second one based on the 
sideslip deviation from a limit threshold. A separate empirical 
algorithm provides a variable weight between the yaw rate 
based and sideslip based yaw moment contributions, where the 
weighting depends on the current sideslip angle condition. In 
[25] the controller is based on a multi-variable structure, 
receiving the yaw rate error and sideslip angle error as inputs, 
where the latter is set to zero for non-critical sideslip angles. 
However, the authors mention that a significant integral term in 
the yaw rate part of the controller provokes a progressive 
increase of the magnitude of the yaw rate related reference yaw 
moment contribution, in opposite direction with respect to the 
sideslip contribution. To this purpose, a correction of the 
reference yaw rate is proposed for the phases in which the 
sideslip angle contribution is active. Reference [26] uses a first 
order sliding mode formulation where the sliding variable is a 
linear combination of the yaw rate error and sideslip angle, with 
a constant weight. The authors recommend a significant weight 
for the sideslip contribution, however this would compromise 
vehicle responsiveness for a continuously active TV system. In 
[27] the feedforward yaw moment contribution targets a zero 
steady-state sideslip angle value, while the feedback 
contribution is based on an optimal controller with an objective 
function similar to that in [1]. The results show an important 
reduction of the steady-state yaw rate, i.e., of vehicle 
responsiveness, which would be unacceptable for the vehicle 
application of this paper. Finally, the review in [28] analyzes 
further references on the topic, reaching the conclusion that 
there is: “1) good theoretical work with no indication of the 
practical implications; 2) excellent practical work with little 
indication of control algorithms used.” 
A promising alternative method is represented by single input 
single output (SISO) yaw rate controllers, in which the 
reference yaw rate is corrected as a function of the actual 
sideslip angle. In this respect, Reference [29] modifies the 
reference yaw rate with a contribution directly proportional to 
the estimated sideslip angle, which, however, does not allow to 
set up an actual soft constraint on vehicle sideslip, which is the 
requirement for effective stability control. Reference [30] uses 
a cascade control structure, where the reference lateral vehicle 
velocity is computed through a dynamic vehicle model. The 
lateral velocity error is sent to a proportional controller that 
outputs the reference yaw rate correction. The main limitations 
are the reliance on a linear reference vehicle model even when 
the vehicle is operating at the limits of handling, and the 
absence of a proposal for a control design procedure in the 
frequency domain, including stability assessment. The second 
limitation also applies to the method preliminarily proposed in 
[18]. Moreover, the mentioned references miss detailed 
analyses of the effect of the parameters of the sideslip 
contribution of the reference yaw rate on the system response, 
as these parameters are empirically tuned without considering 
the effect of the outer feedback loop using sideslip angle to 
modify the reference yaw rate. 
In summary, the ideal reference yaw rate formulation should be 
able to indirectly constrain sideslip angle without relying on a 
dynamic vehicle model, and at the same time it should be 
associated with a systematic methodology for stability 
demonstration, which is missing at the moment. This paper 
covers this gap by further developing the formulation in [18], 
with the following novel contributions:  
 The methodology for the frequency response analysis and 
design, including verification of stability based on the 
theory of switched linear systems, and consideration of the 
effect of the tuning parameters of the reference yaw rate 
formulation on the closed-loop vehicle response. 
 The validation of the reference yaw rate generation method 
via phase-plane analyses and vehicle dynamics simulations 
of scenarios with quickly variable tire-road friction 
coefficient, performed with a variety of control structures. 
 The experimental demonstration of the controller along a 
maneuver with purposely-induced vehicle drift, including 
sensitivity analyses of the main controller parameters. 
The manuscript is organized as follows. Section II presents the 
TV control structure, and then focuses on the SISO formulation 
and its frequency domain analysis. Section III assesses the 
controller performance via: i) Phase-plane plots based on a 
simplified vehicle model with nonlinear tire characteristics; and 
ii) Vehicle dynamics simulations with an advanced vehicle 
model, using multiple approaches for the generation of the 
feedback yaw moment contribution. Finally, Section IV deals 
with the experimental validation, leading to the summary in the 
Conclusion section. 
II. CONTROLLER DESIGN 
A. Control structure 
Fig. 1 is the simplified schematic of the TV control structure, 
which consists of:  
 A reference yaw rate generator, including: a) a handling yaw 
rate generator, which defines the handling yaw rate, ݎ௛, 
aimed at enhancing the steady-state cornering response in 
high tire-road friction conditions; and b) a sideslip-based 
correction block, which corrects ݎ௛ based on the actual 
sideslip angle, and defines the reference yaw rate, ݎ௥௘௙ , as 
detailed in the remainder. 
 A high-level controller generating the traction/braking force 
demand, ܨ௑, and the direct yaw moment demand, ܯ௓, 
starting from the outputs of a driveability map, the yaw rate 
error, and the measured or estimated states, e.g., vehicle 
accelerations, ܽ௫ and ܽ௬, accelerator and brake pedal 
positions, ݌௔ and ݌௕, vehicle speed, ܸ, and steering angle, 
ߜ. As TV does not directly control the yaw moment 
contribution due to the lateral tire forces, ܯ௓ is the yaw 
moment caused by the difference among the wheel torques 
on the left and right sides of the vehicle.  
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Fig. 1. Simplified schematic of the TV control structure. 
 A wheel torque control allocator, which outputs the 
reference torques, ߬௜, and brake pressures, ݌௜, for the 
individual wheels (݅ =	1, 2, 3, 4 as in Fig. 1), corresponding 
to the desired values of ܨ௑ and ܯ௓ generated by the high-
level controller. Assuming that the front and rear vehicle 
track widths are the same, for small steering angles the 
torque demands on the left and right sides of the vehicle, ߬௅ 
and ߬ோ, are expressed as:  
߬௅ = 0.5 ൬ܨ௑ −ܯ௓݀ ൰ܴ௪
߬ோ = 0.5൬ܨ௑ + ܯ௓݀ ൰ܴ௪  (1) 
In this work, within each side the torque demand is equally 
distributed between the front and rear wheels. Although 
several control allocation strategies are proposed in the 
literature [13, 31-32], a simple control allocation is ideal for 
this study, as it focuses on the performance of the reference 
yaw rate generator and high-level controller.  
B. Reference yaw rate formulation 
The proposed formulation is based on the idea that the absolute 
value of the vehicle sideslip angle, |ߚ|, is relatively small during 
normal driving at reasonably high speed. Conversely, |ߚ| 
becomes considerable in critical conditions such as incipient 
oversteer. [33] shows that the controllability of the vehicle 
cornering response through the steering system is maintained 
only if the vehicle is operating within a limited sideslip angle 
range. 
To ensure this through a SISO control structure, in this study 
the steady-state value of the reference yaw rate, ݎ௥௘௙,ௌௌ, is 
calculated as the weighted average of the handling yaw rate, ݎ௛, 
and the stability yaw rate, ݎ௦: 
ݎ௥௘௙,ௌௌ = ݎ௛ − ܨ(ݎ௛ − ݎ௦) (2) 
ݎ௛ represents the steady-state reference yaw rate for high tire-
road friction conditions. In the on-line implementation of the 
controller, ݎ௛ is stored in look-up tables. These are generated 
through an optimization routine based on a nonlinear quasi-
static vehicle model and a set of reference understeer 
characteristics [34], and define different driving modes, such as 
the Normal Mode, Sport Mode and Enhanced Sport Mode, each 
of them characterized by a different cornering response.  
The weighting factor, ܨ, depends on |ߚ|: 
ܨ =
⎩
⎨
⎧
0, ݂݅							|ߚ| < ߚ௔௖௧
	݇ଵ(|ߚ|− ߚ௔௖௧)
ߚ௧௛ − ߚ௔௖௧
, 									݂݅							ߚ௔௖௧ ≤ |ߚ| ≤ ߚ௧௛
݇ଶ, ݂݅								|ߚ| > ߚ௧௛  (3) 
If |ߚ| is smaller than the activation threshold, ߚ௔௖௧ , the vehicle 
conditions are deemed safe, i.e., ܨ = 0 and no correction is 
applied to ݎ௛. If |ߚ| is larger than ߚ௔௖௧  but smaller than an upper 
threshold ߚ௧௛, ܨ linearly varies between 0 and ݇ଵ > 0. If |ߚ| is 
larger than ߚ௧௛ , then ܨ = ݇ଶ ≥ 	݇ଵ, and ݎ௥௘௙,ௌௌ is closer to the 
stability yaw rate, ݎ௦, which represents an achievable yaw rate 
in the current tire-road friction conditions: 
ݎ௦ = ൜ݎ௛,																																	݂݅			|ݎ௛| < |ݎ௦௔௧||ݎ௦௔௧ |ݏ݅݃݊(ݎ௛),										݂݅			|ݎ௛| ≥ |ݎ௦௔௧ | (4) 
where ݎ௦௔௧  is calculated from the measured lateral acceleration:   
ݎ௦௔௧ = ܽ௬ − ݏ݅݃݊(ܽ௬)߂ܽ௬ܸ  (5) 
Eq. 5 is a consequence of the fact that ݎ = ܽ௬/ܸ for small 
sideslip angles in steady-state cornering [35]. ݇ ଵ, ݇ଶ and ߂ܽ௬ ≥0 are tuning parameters, where ߂ܽ௬ can be expressed as a 
function of the absolute value of lateral acceleration, to provide 
some conservativeness to ݎ௦௔௧ . Δܽ௬ is the difference between 
the currently measured lateral acceleration, and the reference 
lateral acceleration that is used to bring the vehicle back to the 
desired sideslip angle level. Δܽ௬ ensures that the sideslip angle 
is actually reduced when needed, and not only maintained (see 
also the sensitivity analyses in Section II.G).	݇ଵ and ݇ଶ 
determine the maximum influence of the sideslip contribution 
on the reference yaw rate. For example, if ݇ଵ = ݇ଶ =	1, in high 
sideslip conditions the driver action in terms of steering wheel 
angle increase is substantially bypassed by the controller, which 
uses only the stability yaw rate (based on the saturation yaw 
rate) to calculate the reference yaw rate. If for the specific 
implementation some dependency of the control action on the 
driver steering wheel input increase has to be maintained when 
the vehicle is in high sideslip conditions, values of ݇ଵ and ݇ଶ 
lower than 1 should be selected. Moreover, if ݇ଵ = ݇ଶ, the 
transition from the second to the third condition of the sideslip 
based variation of the reference yaw rate (see Eq. 3) is smooth. 
On the contrary, by setting ݇ଶ > ݇ଵ, it is possible to achieve a 
moderate intervention of the sideslip contribution for medium-
high sideslip values, and to have a more aggressive intervention 
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once ߚ௧௛  is reached. The purpose of Eqs. 2-5 is to indirectly 
constrain |ߚ| to remain within	ߚ௧௛. In this study the sideslip 
angle is estimated or measured at the vehicle center of mass, 
however alternative locations, e.g., the rear axle, can be used 
[18]. 
From ݎ௥௘௙,ௌௌ, the calculation of the reference yaw rate, ݎ௥௘௙ , is 
carried out through a first order filter, which is tuned for each 
driving mode to provide the reference dynamics. The filter 
ensures that the transient reference response of the vehicle is 
reasonable. In fact, as the frequency response characteristic of 
any real vehicle subject to a steering wheel input has limited 
bandwidth, it would not be appropriate to set up a reference yaw 
rate based on a static formulation, which would not be 
achievable by the real plant for high frequency inputs (see also 
[27]).  
C. Model for feedback control system design 
Starting from the single-track vehicle model formulation [36-
37], under the hypotheses of small steering angles, linear tire 
behavior and constant vehicle speed, the yaw rate can be 
expressed in the Laplace domain as: 
ݎ(ݏ) = ܩ௥ெೋ(ݏ)ܯ௓(ݏ) + ܩ௥ఋ(ݏ)ߜ(ݏ) (6) 
where the second order transfer functions ܩ௥ெೋ(ݏ) and ܩ௥ఋ(ݏ) 
are given by: 
ܩ௥ெೋ(ݏ) = ௥ܰெೋ(ݏ)ܦ(ݏ) = 
ܸ݉ݏ − ఉܻ
ܬ௭ܸ݉ݏଶ − ൫ܬ௭ ఉܻ + ௥ܸܰ݉൯ݏ − ఉܰ ௥ܻ + ఉܸܰ݉ + ௥ܰ ఉܻ  (7) 
ܩ௥ఋ(ݏ) = ௥ܰఋ(ݏ)ܦ(ݏ) = 
ఋܸܰ݉ݏ+ ఉܰ ఋܻ −ܰఋ ఉܻ
ܬ௭ܸ݉ݏଶ − ൫ܬ௭ ఉܻ + ௥ܸܰ݉൯ݏ − ఉܰ ௥ܻ + ఉܸܰ݉ + ௥ܰ ఉܻ  (8) 
ܩ௥ெೋ(ݏ) and ܩ௥ఋ(ݏ) depend on the vehicle stability derivatives 
[37], defined as: 
ఉܻ = ܥଵ + ܥଶ, ௥ܻ = ܽܥଵ − ܾܥଶܸ , 											 ఋܻ = −ܥଵ, 
ఉܰ = ܽܥଵ − ܾܥଶ, 	ܰ௥ = ܽଶܥଵ + ܾଶܥଶܸ ,ܰఋ = −ܽܥଵ (9) 
Similarly, the sideslip angle response is given by: 
ߚ(ݏ) = ܩఉெೋ(ݏ)ܯ௓(ݏ) + ܩఉఋ(ݏ)ߜ(ݏ) (10) 
where: 
ܩఉெೋ(ݏ) = ఉܰெೋ(ݏ)ܦ(ݏ) = ௥ܻ −ܸ݉ܦ(ݏ)  
ܩఉఋ(ݏ) = ఉܰఋ(ݏ)ܦ(ݏ) = ఋܰ ௥ܻ − ௥ܰ ఋܻ −ܸ݉ ఋܰ + ܬ௭ ఋܻݏܦ(ݏ)  (11) 
The values of the front and rear axle cornering stiffnesses, ܥଵ 
and ܥଶ in Eq. 9, were obtained via the following procedure:  
 Experimental skidpad tests (ISO 4138:2012) were 
performed with the electric vehicle demonstrator of the 
European project iCOMPOSE [38].  
 The measured steering wheel angle and vehicle speed 
profiles were input to an experimentally validated vehicle 
dynamics model in IPG CarMaker [39]. Fig. 2 shows the 
match between the simulation and experimental results 
during a test. 
 The time histories of the tire slip ratios, slip angles, camber 
angles and vertical loads from the CarMaker model were 
input into the Pacejka Magic Formula [40] using the same 
parametrization as in the tire models of the CarMaker 
simulator. 
 ܥଵ and ܥଶ were obtained from the definition of axle 
cornering stiffness as incremental ratio of the total lateral 
force of the two tires on the same axle, with respect to the 
axle sideslip angle, by using the method in [41].  
 
Fig. 2. Experimental validation of the CarMaker model during a skidpad test. 
 
 
Fig. 3. Examples of Bode plots of ܩ௥ܯݖ(ݏ) for various speeds and cases of 
Table 1. 
 
Fig. 4. Examples of Bode plots of 
ீݎܯݖ(௦)ܹܲܫ(௦)
ଵାீݎܯݖ(௦)ܹܲܫ(௦) for two speeds and cases of 
Table 1. 
The resulting cornering stiffness values are reported in Table 1, 
as functions of lateral acceleration, while Fig. 3 shows the 
significant variations of ܩ௥ெ೥(ݏ) with cornering stiffness and 
vehicle speed. 
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TABLE 1 
AXLE CORNERING STIFFNESS VALUES AT DIFFERENT LATERAL 
ACCELERATIONS. 
Case no. Lateral acceleration (m/s2) ܥଵ (N/rad) ܥଶ (N/rad) 
1 2.0 170200 175000 
2 4.2 157500 166700 
3 6.1 139000 152000 
4 7.8 99000 125000 
5 8.3 37180 82680 
6 8.5 7212 79960 
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D. PI controller design 
The reference yaw rate formulation of this study has 
implications on the cornering response of the vehicle with the 
TV controller. In the frequency domain, the reference direct 
yaw moment is given by: 
ܯ௓(ݏ) = ܹ(ݏ)(ݎ௥௘௙(ݏ)− ݎ(ݏ)) (12) 
where ܹ(ݏ) is the TV controller transfer function.  
For example, Table 2 summarizes the design process of the 
proportional integral (PI) TV controller, i.e., with ܹ(ݏ) =
௉ܹூ(ݏ) = ܭ௣ + ௄೔௦ . A gain scheduling scheme with vehicle 
speed is introduced for the proportional gain, ܭ௣, to guarantee 
the same tracking bandwidth of the closed-loop system 
regardless of vehicle speed, which is typically a slowly-varying 
parameter. The bandwidth is here defined as the frequency 
value at which the magnitude of the response of the closed-loop 
system becomes 6 dB lower than its steady-state value. The 
table reports: i) the values of ܭ௣; ii) the natural frequency, ߱௡, 
and damping ratio, ߞ, of ܩ௥ெೋ(ݏ); iii) the values of the gain and 
phase margins of the open-loop transfer function, 
ܩ௥ெೋ(ݏ) ௉ܹூ(ݏ); and iv) the tracking bandwidth of the closed-
loop transfer function, ܩ௥ெೋ(ݏ) ௉ܹூ(ݏ)/(1 + ܩ௥ெೋ(ݏ) ௉ܹூ(ݏ)), 
which is plotted for some cases in Fig. 4. The tuning of the TV 
controller is intentionally relatively relaxed in terms of tracking 
performance to ensure that the drivability of the vehicle is not 
compromised by the noise on the yaw rate sensor measurement, 
which can provoke undesired oscillations of the reference yaw 
moment. 
The values of cornering stiffness for the tuning in Table 2 are 
those of case 5 in Table 1. The stability properties of the 
feedback control system were verified for the other cases as 
well. The following paragraphs derive the response of the TV 
controlled vehicle to a steering wheel input for the two extreme 
cases in which: i) the reference yaw rate coincides with the 
handling yaw rate; and ii) the sideslip angle is larger than ߚ௧௛  
and thus the reference yaw rate coincides with ݎ௦௔௧. 
Handling case (H): handling yaw rate as reference 
By imposing ݎ௥௘௙(ݏ) = ݎ௛(ݏ), assuming (for simplicity) that 
ݎ௛(ݏ) = ݇ߜ(ݏ) in Eq. 12, and substituting back into Eq. 6, it is:  
ݎ(ݏ) = ܩ௥ఋ,ு(ݏ)ߜ(ݏ) = ௥ܰఋ,ு(ݏ)ܦு(ݏ) ߜ(ݏ) (13) 
where the numerator and denominator of ܩ௥ఋ,ு(ݏ) are: 
௥ܰఋ,ு(ݏ) = −ܸ݉൫ܭ௣ + ఋܰ൯ݏଶ + ൫ܭ௣ ఉܻ݇ −
ܭ௜ܸ݉݇ + ఋܰ ఉܻ − ఉܰ ఋܻ൯ݏ + ܭ௜ ఉܻ݇, 
ܦு(ݏ) = −ܬ௭ܸ݉ݏଷ + ൫ܬ௭ ఉܻ + ܸ݉ ௥ܰ − ܭ௣ܸ݉൯ݏଶ+ ൫− ௥ܰ ఉܻ + ܭ௣ ఉܻ − ܭ௜ܸ݉
−ܸ݉ ఉܰ + ఉܰ ௥ܻ൯ݏ + ܭ௜ ఉܻ 
(14) 
Similarly, Eq. 10 becomes: 
ߚ(ݏ) = ܩఉఋ,ு(ݏ)ߜ(ݏ) = ఉܰఋ,ு(ݏ)ܦு(ݏ) ߜ(ݏ) (15) 
where the numerator of ܩఉఋ,ு(ݏ) is: 
ఉܰఋ,ு(ݏ) = −ܬ௭ ఋܻݏଶ+ ቀ(ܸ݉ − ௥ܻ)൫ ఋܰ + ܭ௣݇൯+ ఋܻ( ௥ܰ −ܭ௣)ቁ ݏ − ܭ௜ ఋܻ
− ܭ௜݇(ܸ݉ − ௥ܻ) (16) 
Stability case (S): stability yaw rate as reference 
For large sideslip angles, i.e., for |ߚ| ≥ ߚ௧௛, it is ݎ௥௘௙ = ݎ௦ =
ܽ௬/ܸ when the steering input is large, ݇ଵ = ݇ଶ = 1 and ߂ܽ௬ =0. As from the vehicle kinematics it is ܽ ௬ = ܸ(ݎ + ̇ߚ) [37], and 
thus in the frequency domain ݎ(ݏ) = ܽ௬(ݏ)/ܸ − ݏߚ(ݏ), Eq. 12 
becomes for the case of the PI yaw rate controller: 
ܯ௓,௉ூ(ݏ) = ௉ܹூ(ݏ)ቀݎ௥௘௙(ݏ)− ݎ(ݏ)ቁ = ݏ ௉ܹூ(ݏ)ߚ(ݏ)= ൫ܭ௜ + ݏܭ௣൯ߚ(ݏ) (17) 
which is the formulation of a PI regulator on ̇ߚ or, equivalently, 
a proportional derivative (PD) regulator on ߚ. This is consistent 
with the idea of controlling the sideslip angle rather than the 
yaw rate when the vehicle is in safety-critical conditions. As a 
note, with the adopted sign convention, for large sideslip angles 
(such as those targeted by the proposed sideslip-based 
correction) ߚ has opposite sign from ߜ. By substituting Eq. 17 
into Eq. 6 it is: 
ݎ(ݏ) = ܩ௥ఋ,ௌ(ݏ)ߜ(ݏ) = ௥ܰఋ,ௌ(ݏ)ܦௌ(ݏ) ߜ(ݏ) (18) 
where ௥ܰఋ,ௌ(ݏ) and ܦௌ(ݏ) are: 
௥ܰఋ,ௌ(ݏ) = −൫ܸ݉ܰఋ + ܭ௣ ఋܻ൯ݏ + ఋܰ ఉܻ − ఋܻ( ఉܰ +
ܭ௜), 
ܦௌ(ݏ) = −ܸ݉ܬ௭ݏଶ+ ݏ൫ ఉܻܬ௭ + ܸ݉ ௥ܰ −ܭ௣(ܸ݉
− ௥ܻ)൯ + (− ఉܻ ௥ܰ
− ൫ ఉܰ + ܭ௜൯(ܸ݉ − ௥ܻ)) 
(19) 
The sideslip response to a steering input is given by: 
ߚ(ݏ) = ܩఉఋ,ௌ(ݏ)ߜ(ݏ) = ఉܰఋ,ௌ(ݏ)ܦௌ(ݏ) ߜ(ݏ) (20) 
with ఉܰఋ,ௌ(ݏ) being: 
ఉܰఋ,ௌ(ݏ) = −ܬ௭ ఋܻݏ+ ௥ܰ ఋܻ + ఋܰ(ܸ݉ − ௥ܻ) (21) 
The static gain of ܩఉఋ,ௌ  given by 
ܩఉఋ,ௌ(ݏ = 0) = ܰ௥ ఋܻ + ఋܰ(ܸ݉ − ௥ܻ)− ఉܻ ௥ܰ − ൫ ఉܰ + ܭ௜൯(ܸ݉ − ௥ܻ) (22) 
does not depend on ܭ௣, decreases with increasing values of ܭ௜, 
and tends to zero for ܭ௜ → ∞.
TABLE 2 
MAIN TV SYSTEM PARAMETERS FOR DIFFERENT VEHICLE SPEEDS AND ܭ௜ = 31623 Nm/rad. 
Speed (km/h) ܭ௣   (Nms/rad) 
ܩ௥ெೋ(ݏ) ܩ௥ெೋ(ݏ) ௉ܹூ(ݏ) ܩݎܯܼ(ݏ) ௉ܹூ(ݏ)1 + ܩ௥ܯܼ(ݏ) ௉ܹூ(ݏ) 
߱௡  (HZ) ߞ Gain margin (dB) Phase margin (deg) Tracking bandwidth (Hz) 
39 23806 0.986 0.665 Inf 144.9 1.434 
56 18268 0.949 0.481 Inf 134.9 1.433 
68 16058 0.937 0.401 Inf 127.4 1.433 
79 14668 0.931 0.348 Inf 121.4 1.434 
96 13152 0.925 0.288 Inf 114.0 1.432 
102 12779 0.924 0.271 Inf 111.7 1.433 
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E. Linearized models of the controlled system 
To evaluate the frequency response of the vehicle with the TV 
controller, the controlled plant is reduced to a formulation 
where the steering angle is the only input, and the expression of 
the reference direct yaw moment is substituted into the dynamic 
equations of the vehicle model.  
Because of the PI formulation of the considered feedback 
controller, a third system state is introduced, i.e., the integral of 
the yaw rate error: 
݁௜௡௧ = න൫ݎ௥௘௙ − ݎ൯݀ݐ (23) 
After substituting Eq. 23 into Eqs. 6-11, the model equations 
become: 
̇ߚ = − ఉܻ
ܸ݉
ߚ + ൬ ௥ܻ
ܸ݉
− 1൰ݎ + ఋܻ
ܸ݉
ߜ	 (24) 
̇ݎ = − ఉܰ
ܬ௭
ߚ − ௥ܰ
ܬ௭
ݎ −
ܰఋ
ܬ௭
ߜ+ 1
ܬ௭
൫ܭ௣൫ݎ௥௘௙ − ݎ൯ +ܭ௜݁௜௡௧൯ (25) 
݁̇௜௡௧ = ݎ௥௘௙ − ݎ  (26) 
Moreover, in the reference yaw rate formulation of Eq. 2, it is 
imposed that: i)  |ݎ௛| ≥ |ݎ௦௔௧| in the calculation of ݎ௦, as this 
condition is usually met during cornering at the limit of 
handling; and ii) ݏ݅݃݊൫ܽ௬൯߂ܽ௬ ≈ ݇௔೤ܽ௬ = ݇௔೤ܸ൫ݎ + ̇ߚ൯, as 
the magnitude of this term of ݎ௦௔௧  can be tuned as an increasing 
function of the absolute value of lateral acceleration, and its 
sign varies with ܽ௬. Hence, the re-arranged Eq. 2 becomes: 
ݎ௥௘௙ = ݇ߜ −ܨ ൬݇ߜ − ቀ1− ݇௔೤ቁ ൫ݎ + ̇ߚ൯൰ (27) 
where ܨ is given by Eq. 3, which defines three cases, depending 
on |ߚ|.  
For each case, the result is a system of three equations, which 
can be expressed as: 
̇ݔ(ݐ) = ௜݂(ݔ,ݑ, ݐ) (28) 
where ݔ = [ߚ, ݎ, ݁௜௡௧]்  is the state vector, and the subscript ݅ 
indicates the case. Two of the system formulations, i.e., those 
for ܨ = 0 and ܨ = ݇ଶ, are linear, with system matrices that are 
invariant with respect to the linearization point, while the third 
formulation, i.e., the one for 0 < ܨ < ݇ଶ, is non-linear, and in 
this study is linearized around a specified condition.  
TABLE 3 
MAIN PARAMETERS OF THE LINEARIZED MODELS  
Parameter Value Unit 
ܸ 26.67 m/s 
ݎ଴  0.33 rad/s 
ߚ଴ -0.13 rad 
݁௜௡௧,଴ 0.08 rad 
ߜ଴  0.13 rad 
݇ 2.7 s-1 
ߚ௔௖௧  0.10 rad 
ߚ௧௛ 0.26 rad 
݇௔೤ 0.112 - 
݇ଵ 1 - 
݇ଶ 1 - 
To account for the discontinuity in the formulation of ܨ caused 
by the absolute value of the sideslip angle, during the 
linearization, in the computation of the partial derivatives, |ߚ| 
is replaced by ඥߚଶ, thus obtaining: 
ௗ|ఉ|
ௗ௥
ቚ ݎ=ݎ0
ߚ=ߚ0
݁݅݊ݐ=݁݅݊ݐ,0
ߜ=ߜ0
= ௗ|ఉ|
ௗ௘೔೙೟
ቚ ݎ=ݎ0
ߚ=ߚ0
݁݅݊ݐ=݁݅݊ݐ,0
ߜ=ߜ0
= 0,     ௗ|ఉ|
ௗఉ
ቚ ݎ=ݎ0
ߚ=ߚ0
݁݅݊ݐ=݁݅݊ݐ,0
ߜ=ߜ0
= ఉబ|ఉబ| (29) 
where the linearization point is indicated by the subscript “0”. 
The state-space matrices were computed with the symbolic 
calculation software Maple [42]:  
ܣ௜ =
⎣
⎢
⎢
⎢
⎡
డ௙భ
డ௥
డ௙భ
డఉ
డ௙భ
డ௘೔೙೟
డ௙మ
డ௥
డ௙మ
డఉ
డ௙మ
డ௘೔೙೟
డ௙య
డ௥
డ௙య
డఉ
డ௙య
డ௘೔೙೟
	
⎦
⎥
⎥
⎥
⎤
௥ୀ௥బ
ఉୀఉబ
௘೔೙೟ୀ௘೔೙೟,బ
ఋୀఋబ
݅ = 1,2,3, 
ܤ௜ =
⎣
⎢
⎢
⎢
⎡
డ௙భ
డఋ
డ௙మ
డఋ
డ௙య
డఋ
	
⎦
⎥
⎥
⎥
⎤
௥ୀ௥బ
ఉୀఉబ
௘೔೙೟ୀ௘೔೙೟,బ
ఋୀఋబ
,  ܥ௜ = ܫଷ௫ଷ,  ܦ௜ = 0ଷ௫ଵ 
(30) 
For 0 < ܨ < 1, the linearization point was selected by 
imposing a yaw rate and a vehicle speed, and by reversing the 
model equations in steady-state conditions to obtain the 
corresponding sideslip angle, integral of the yaw rate error and 
steering angle. Table 3 indicates the main parameters used in 
the following stability and frequency response analyses. 
F. Stabilty analysis of the resulting switched linear system 
The linearized vehicle model of Section II.E has three 
formulations, depending on the value of ߚ. Hence, the model 
has the typical configuration of a switched linear system [43], 
and its stability cannot be inferred only by ensuring that the 
poles of the transfer functions for each individual case have 
negative real part, as the system must be stable also when there 
is no restriction on the switching signal.  
According to [43], if the existence of a common quadratic 
Lyapunov function for all three formulations of the vehicle 
model can be proven, then the system is quadratically stable, 
which guarantees that it is also asymptotically stable. A 
sufficient stability condition can be formalized through the 
following set of linear matrix inequalities (LMIs):  
ܲܣ௜ + ܣ௜்ܲ < 0   ݅ = 1,2,3,  ܲ ∈ ℝଷ୶ଷ, symmetric	 (31) 
Hence, to ensure system stability translates into finding a 
symmetric positive definite matrix ܲ with the same size as ܣ௜, 
which meets the inequalities in Eq. 31. 
The problem in Eq. 31 was solved by using the optimization 
toolbox Yalmip [44] and the semidefinite programming solver 
SeDuMi [45], which were interfaced with the state-space 
formulations in Matlab. The inequalities were imposed as 
constraints of the optimization, and the decision variables were 
the entries of ܲ. For example, for the parameters in Table 3, the 
optimizer returns the following ܲ matrix: 
ܲ = ቈ				0.9377				0.0614
−	0.1645						0.0614					0.0656	−	0.0389	−	0.1645−	0.0389				0.7072቉ (32) 
With this choice of ܲ, the inequalities in Eq. 31 are satisfied and 
the system is asymptotically stable. The optimization was also 
run for all the cases covered in the sensitivity analyses of the 
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following Section II.G, and the optimizer always returned a 
valid solution for the LMIs.  
G. Effect of the tuning parameters of the reference yaw rate 
The transfer functions corresponding to the state-space systems 
in Eq. 30 are used for the analysis of the system frequency 
response. For example, Fig. 5 reports the Bode plots of the 
magnitude of ݎ/ߜ and ߚ/ߜ of the passive vehicle and the three 
TV controlled cases. The controlled vehicle exhibits reduced 
resonance peaks and larger bandwidth than the passive one. In 
the Bode plots the static gains for ܨ = 0, i.e, when the reference 
yaw rate depends only on the handling yaw rate, are greater than 
those of the passive vehicle, which is typical of the Sport 
driving mode [34], designed to reduce understeer. The static 
gains for ܨ = 1 (note that ݇ଵ = ݇ଶ = 1 in Table 3), i.e., when 
the reference yaw rate is based only on the stability yaw rate, 
are lower than for the passive vehicle, and the sideslip angle is 
reduced on the whole frequency range. As expected, for 0 <
ܨ < 1, the response is between that for the handling and 
stability cases. 
 
 
Fig. 5. Bode plots of the magnitude of ݎ/ߜ and ߚ/ߜ for the passive vehicle, the 
controlled vehicle with ܨ = 0 (handling case), the controlled vehicle with ܨ =1 (stability case), and the controlled vehicle with 0 < ܨ < 1. 
 
 
Fig. 6. Bode plots of the magnitude of ݎ/ߜ and ߚ/ߜ for the passive vehicle, the 
controlled vehicle with ܨ = 0 (handling case), the controlled vehicle with ܨ =1 (stability case), and the controlled vehicle with 0 < ܨ < 1, for increasing 
values of ∆ܽ௬ . 
The system behavior is influenced by the selected values of 
thresholds and tuning parameters. For example, Fig. 6 shows a 
sensitivity analysis on Δܽ௬,଴ ≈ ݇௔೤ܽ௬,଴ = ݇௔೤ܸݎ଴, which is 
varied between 0 and 4.5 m/s2, through a corresponding 
variation of ݇௔೤. Interestingly, Δܽ௬,଴ primarily affects the 
steady-state gain, which decreases as a function of Δܽ௬,଴, as 
indicated by the direction of the arrows. In particular, setting 
Δܽ௬,଴ = 0 causes the steady-state gain to be the same as for the 
controlled vehicle using the handling yaw rate. 
 
 
 
Fig. 7. Bode plots of the magnitude of ݎ/ߜ and ߚ/ߜ  for the passive vehicle, the 
controlled vehicle with ܨ = 0 (handling case), the controlled vehicle with ܨ =1 (stability case), and the controlled vehicle with 0 < ܨ < 1, for increasing 
values of ߚ௔௖௧. 
 
Fig. 7 reports the sensitivity analysis on the value of the lower 
activation threshold, ߚ௔௖௧ , which is progressively increased 
from 0 to 9 deg, and affects the response along the whole 
frequency range. As expected from Eq. 3, the increase of ߚ௔௖௧ 
brings the linearization point closer to the handling case, which 
explains the trend of the frequency response to approach that 
for	ܨ = 0. Similar trends were obtained in the sensitivity 
analysis on ߚ௧௛. A high value of the threshold reduces ܨ (see 
Eq. 3), which makes the reference yaw rate closer to that of the 
handling case.    
H. Assessed control structures 
The reference yaw rate formulation of Section II.B has general 
validity, i.e., it can be coupled with any SISO control structure. 
The following controllers will be used and compared in the next 
sections of this study: 
a) A yaw rate controller without the sideslip-based correction 
of the reference yaw rate, using the PI design of Section 
II.D, coupled with the integral sliding mode contribution of 
[46-47], implemented as a perturbation compensator 
providing robustness against matched disturbances. This 
formulation will be indicated as YR-ISMC in the remainder. 
The direct yaw moment control action, ܯ௓,ூௌெ஼ , is given by 
the sum of the PI yaw moment contribution, ܯ௓,௉ூ , and the 
filtered value, ܯ௓,௦௪,௙ , of the discontinuous term, ܯ௓,௦௪ , 
providing robustness against matched disturbances: 
ܯ௓,ூௌெ஼ ≅ ܯ௓,௉ூ + ܯ௓,௦௪,௙ (33) 
ܯ௓,௦௪,௙is calculated as:  
̇ܯ௓,௦௪,௙߬ூௌெ஼ + ܯ௓,௦௪,௙ = ܯ௓,௦௪ (34) 
where ܯ௓,௦௪ is obtained from: 
ܯ௭,௦௪ = −ܬ௭ܭ ݏ݅݃݊(ߪ), with ܭ > |ℎ௠௔௫ | (35) 
The inequality expresses the Lyapunov stability condition, 
based on the magnitude of the system disturbances and 
uncertainties (see [46] for its derivation). The sliding 
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variable is the sum of the yaw rate error, ݎ − ݎ௥௘௙, which is 
equal to the conventional part of the sliding variable, ߪ଴, 
typical of any sliding mode formulation, and the auxiliary 
term, ݖ, which is exclusive of ISMC:  
ߪ = ݎ − ݎ௥௘௙ + ݖ = ߪ଴ + ݖ (36) 
In the specific implementation, ݖ is calculated as the integral 
of ̇ݖ (the theory is detailed in [48]): 
̇ݖ = − ݀ߪ଴
݀൫ݎ − ݎ௥௘௙൯
൤−̇ݎ௥௘௙ + 1
ܬ௭
൫ܯ௭,ூௌெ஼ −ܯ௭,௦௪൯൨= ̇ݎ௥௘௙ − 1ܬ௭ ൫ܯ௭,ூௌெ஼ −ܯ௭,௦௪൯ 
(37) 
b) The same controller as in a), where the reference yaw rate is 
based on the formulation in Section II.B. This controller will 
be indicated as ISMC. 
c) An H∞ formulation based on loop shaping (see [41, 49-50] 
for the details), indicated as H∞ in the remainder, including 
the reference yaw rate correction of Section II.B. The 
controller is based on the conversion of the transfer function 
ܩ௥ெೋ into a state-space form, parametrized with ܸ: 
ܩ௥ெೋ(ܸ) = ൤ܣ(ܸ) ܤ(ܸ)ܥ(ܸ) 0 ൨ (38) 
ܩ௥ெೋ(ܸ) is multiplied by the pre-compensator ௉ܹூ , with 
proportional and integral gains equal to those of the PI 
controller in a) and b). For the H∞ gain scheduling scheme, 
four speed values were selected. The transfer function of the 
shaped plant is: 
௦ܹ(ܸ) = ௉ܹூ(ܸ)ܩ௥ெೋ(ܸ) = ൤ܣ௦(ܸ) ܤ௦(ܸ)ܥ௦(ܸ) 0 ൨ (39) 
The H∞ loop shaping controller is implemented in the 
observer/state feedback form: 
൝
݀ݔො௦
݀ݐ
= ܣ௦(ܸ)ݔො௦ + ܪ௦(ܸ)(ܥ௦(ܸ)ݔො௦ − ݕො௦)+ܤ௦(ܸ)ݑ௦
ݑ௦ = ܨ௦ݔො௦  (40) 
where: 
൜
ܪ௦(ܸ) = −ܼ௦்(ܸ)ܥ௦்(ܸ)
ܨ௦(ܸ) = −ܤ௦்(ܸ)(ܫ − ߮ିଶܫ − ߮ିଶ ௦ܺ)ିଵ ௦ܺ  (41) 
ܼ௦ and ௦ܺ are the solutions of the generalized algebraic 
Riccati equations of the H∞ loop shaping optimization [49]. 
The gain scheduling scheme on ܸ was implemented 
according to the stability preserving interpolation method in 
[51].  
d) A controller with the same PI as in a)-c), including the 
sideslip-based reference yaw rate modification, and coupled 
with a static non-linear feedforward contribution. The 
feedforward contribution is designed according to [34], and 
corrected through the factor ݎ௥௘௙,ௌௌ/ݎ௛, which provides an 
estimation of the actual tire-road friction coefficient at the 
limits of handling. Such configuration will be indicated as 
FF+PI. 
III. SIMULATION RESULTS 
A. Phase-plane analysis 
The phase-plane analysis uses a simplified nonlinear double-
track vehicle model, which takes into account the lateral load 
transfers in the computation of the lateral tire forces through the 
Magic Formula for pure cornering. The simulator includes the 
YR-ISMC (Fig. 8) and ISMC TV (Fig. 9) formulations. The TV 
yaw moment is directly applied as an input to the yaw moment 
balance equation. Several combinations of ߚ and ̇ߚ are imposed 
as initial conditions for the model, which is run for a high tire-
road friction coefficient with constant steering wheel angle (50 
deg) and vehicle speed (80 km/h) [25, 52]. This process 
identifies the set of initial conditions providing stable response. 
Fig. 8a shows that with the YR-ISMC and Sport Mode, the 
vehicle converges to the equilibrium ߚ௦௦,ூ = -4.5 deg as long as 
the initial conditions imply ߚ ≥ -10 deg; for all other initial 
conditions the system response diverges. Fig. 8b refers to the 
Enhanced Sport Mode, which is characterized by large values 
of |ݎ௛|, i.e., beyond the cornering limit for the assigned steering 
wheel angle, to purposely induce vehicle drift. As expected, in 
this driving mode all points diverge with the YR-ISMC. 
 
b) 
 
Fig. 8. Phase-plane plots for the vehicle with the YR-ISMC, 80 km/h, 50 deg 
of steering wheel angle. a) Sport Mode; b) Enhanced Sport Mode. *: Unstable 
initial conditions; ○: Stable initial conditions; ◊: Equilibrium (ߚ௦௦,ூ). 
The benefit of the sideslip-based correction of the reference 
yaw rate is evident in Fig. 9, where the system converges 
regardless of the initial conditions. In particular, in the Sport 
Mode (Fig. 9a) two equilibria exist. In fact, the same points as 
in the YR-ISMC case converge to the equilibrium of 
ߚ௦௦,ூ = -4.5 deg (Fig. 8a). In addition, the points that were 
unstable become stable and converge to a second equilibrium, 
ߚ௦௦,ூூ = -13.4 deg. ߚ௦௦,ூூ mainly depends on ߚ௔௖௧  and ߚ௧௛, and 
the difference ߚ௧௛ − ߚ௔௖௧ . In the Enhanced Sport Mode (Fig. 9b) 
all points converge to ߚ௦௦,ூூ, which demonstrates the 
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effectiveness of the induced vehicle drift control of such driving 
mode. 
a) 
 
b) 
 
Fig. 9. Phase-plane plots for the vehicle with the ISMC (ߚ௔௖௧ = 13 deg, ߚ௧௛ = 
14 deg, ߂ܽ௬ = 0 m/s2), 80 km/h, 50 deg of steering wheel angle. a) Sport Mode; 
b) Enhanced Sport Mode. ○: Stable initial conditions that converge to ◊; ×: 
Stable initial conditions that converge to □; ◊: Equilibrium (ߚ௦௦,ூ) of the vehicle 
with the YR-ISMC; □: Second equilibrium (ߚ௦௦,ூூ) of the vehicle with the ISMC. 
B. CarMaker simulations 
The CarMaker model of Section II.C is used for the validation 
of the reference yaw rate formulation with the controllers of 
Section II.E in a very challenging scenario (Fig. 10). The 
simulated maneuver is a multiple step steer test, i.e., a sequence 
of fast steering wheel angle variations applied at a rate of ±400 
deg/s, followed by constant steering wheel angle phases, each 
of them 2 s long. The steering angle values after the steering 
applications are 100 deg, -100 deg, 120 deg, -120 deg, and 0 
deg (Fig. 11a). The tests are executed in the Sport Mode with a 
constant total wheel torque demand and an initial speed of 90 
km/h. To evaluate the adaptability of the proposed reference 
yaw rate scheme, the scenario includes tire-road friction 
coefficient discontinuities (Fig. 10), i.e., the friction coefficient 
is 1 at the beginning of the maneuver, reduced to 0.5 after 150 
m (at ≈ 6.5 s), and increased to 0.8 after further 70 m (at ≈ 9.8 
s). 
 
Fig. 10. Top view of the simulation scenario. The colors indicate the different 
values of the tire-road friction coefficient, ߤ. The continuous line is an example 
of vehicle trajectory during the maneuver. 
The following performance indicators are defined to objectively 
evaluate the controllers: 
 The ܴܯܵܧ௥, which assesses the yaw rate tracking 
performance: 
ܴܯܵܧ௥ = ඨ 1ݐ௙ − ݐ௜ න (ݎ௥௘௙(ݐ) − ݎ(ݐ))ଶ݀ݐ௧೑௧೔  (42) 
 The ܴ ܯܵܧఉ, which assesses the significance of the sideslip-
based correction of the reference yaw rate: 
ܴܯܵܧఉ = ඨ 1ݐ௙ − ݐ௜ න (ݎ௥௘௙ ,ௌௌ(ݐ) − ݎ௛(ݐ))ଶ݀ݐ௧೑௧೔  (43) 
 The ܫܣܥܣ, which assesses the significance of the direct yaw 
moment control action: 
ܫܣܥܣ = 1
ݐ௙ − ݐ௜
	න |ܯ௭(ݐ)|௧೑
௧೔
݀ݐ (44) 
ݐ௜  and ݐ௙ represent the time at the beginning of the maneuver, 
and the time at the completion of the maneuver, i.e., 3 s after 
the steering wheel input is back to zero. 
Fig. 11 shows the response for the ISMC formulation, which is 
compared with that of the passive vehicle and the vehicle with 
the YR-ISMC in Fig. 12. Table 4 reports the performance 
indicators for the controllers of Section II.E, and the peak values 
of |ߚ| and |ߚ஽|, where ߚ஽ is the dynamic sideslip angle, i.e., the 
difference between the actual sideslip angle and the sideslip 
angle in kinematic steering conditions. 
The ISMC maintains the sideslip angle within the defined 
threshold (see Fig. 12a and Table 4), regardless of the tire-road 
friction coefficient, guaranteeing an intrinsic tire-road friction 
adaptation with a simple control structure. Instead, the YR- 
ISMC exhibits sideslip angle peaks even larger than those of the 
passive vehicle, because of the “aggressive” cornering 
characteristics (i.e., less understeering) of the Sport Mode, and 
the lack of the sideslip-based adaptation of the reference yaw 
rate to the tire-road friction level.
 
TABLE 4 
PERFORMANCE INDICATORS FOR THE SIMULATED MULTIPLE STEP STEER TESTS (߂ܽ௬ = 1 M/S2, ݇ଵ = ݇ଶ = 1 FOR THE FF+PI, H∞ AND ISMC). 
 Passive YR-ISMC FF+PI H∞ ISMC 
ܴܯܵܧ௥  (deg/s) 13.75 16.77 4.34 4.17 2.52 
ܴܯܵܧఉ (deg/s) NA 0 9.81 9.41 9.50 
ܫܣܥܣ (Nm) NA 2097 1161 2193 2162 
max|ߚ| (deg) 36.98 40.76 4.76 3.05 2.72 
max|ߚ஽| (deg) 36.98 40.76 7.91 6.83 6.06 
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a) 
 
b) 
 
c) 
 
Fig. 11. Simulation results, Sport Mode, multiple step steers, variable tire-road 
friction conditions, 90 km/h, ISMC (߂ܽ௬ = 1 m/s2, ݇ଵ = ݇ଶ =	1, ߚ௔௖௧ = 1.5 
deg, ߚ௧௛ = 6 deg). a) Steering wheel angle and lateral acceleration; b) Yaw 
rates; c) Total left- and right-hand side wheel torque levels 
A detailed analysis of Figs. 11 and 12 shows that: 
 Between 1 s and 3.7 s, after the first step steer, as ܨ is 
slightly less than 1, ݎ௥௘௙  is reduced to a value close to ݎ௦, but 
higher than ݎ௦ (see Eq. 2), and |ߚ| stabilizes on values larger 
than ߚ௔௖௧ = 1.5 deg, but smaller than ߚ௧௛ = 6 deg. This 
happens also after the second steering application. 
 After the third step steer, when the tire-road friction 
coefficient decreases from 1 to 0.5, ݎ௦ almost halves, which 
is consistent with the reduction of the lateral acceleration 
caused by the low tire-road friction coefficient. 
 After the fourth step steer, when the friction coefficient 
increases from 0.5 to 0.8, the lateral acceleration increases, 
and therefore ݎ௦ and ݎ௥௘௙ increase accordingly, thus 
providing adaptation to the variation of the road conditions. 
The performance indicators in Table 4 highlight that: 
a) 
 
b) 
 
c) 
 
Fig. 12. Simulation results, Sport Mode, multiple step steers, variable tire-road 
friction conditions, 90 km/h, for: i) Passive vehicle; ii) YR-ISMC; iii) ISMC 
(߂ܽ௬ = 1 m/s2, ݇ଵ = ݇ଶ = 1, ߚ௔௖௧= 1.5 deg and ߚ௧௛= 6 deg). a) Yaw rate; b) 
Sideslip angle; c) Lateral acceleration. 
 The ISMC provides the best yaw rate tracking performance, 
and for this reason is selected for the experimental analysis 
of Section IV.  
 The H∞ controller provides similar ܫܣܥܣ and sideslip peak 
values with respect to the ISMC, but with worse yaw rate 
tracking.  
 The performance of the FF+PI is consistently worse than 
that of the H∞ and ISMC, because of the destabilizing 
feedforward contribution designed for high friction 
conditions. On the other hand, the FF+PI keeps the vehicle 
in safe conditions with an approximately halved control 
effort with respect to the other formulations. 
 In the Passive and YR-ISMC cases, the peak values of |ߚ| 
and |ߚ஽| are coincident, as the maximum sideslip angle 
values are reached in the final part of the test, when the 
steering wheel action has already been completed and the 
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kinematic sideslip angle is zero. This situation is typical of 
uncontrollable vehicle behavior. 
In general, the valuable conclusion is that the reference yaw rate 
formulation has a much greater impact on the results than the 
selected feedback control structure. 
IV. EXPERIMENTAL RESULTS 
Experimental tests in dry tarmac conditions (with a tire-road 
friction coefficient of ≈	1) were executed at the Kristalpark 
proving ground (Belgium) with the iCOMPOSE electric vehicle 
prototype in: i) the Enhanced Sport Mode that induces high 
sideslip angles to allow vehicle drift; and ii) the passive vehicle 
configuration, with equal wheel torque values on the four 
corners. The controller was implemented on the dSPACE 
AutoBox system installed on the demonstrator. The vehicle 
features four electric drivetrains, each comprising a switched 
reluctance on-board motor, which is connected to the wheels 
through a single-speed transmission system, constant velocity 
joints and a half-shaft. A Corrsys Datron S-350 sensor was used 
to measure the sideslip angle (Fig. 13). Right-hand 100 deg step 
steering inputs were applied at a rate of approx. 400 deg/s, from 
an initial speed of 80 km/h, in conditions of constant torque 
demand. The maneuvers were performed with the following 
controller configurations: i) YR-ISMC; ii) ISMC with ߚ௧௛ = 6 
deg and ߚ௔௖௧ = 1.5 deg; iii) ISMC with ߚ௧௛ = 14 deg and 
ߚ௔௖௧ = 5 deg; and iv) ISMC with ߚ௧௛ = 20 deg and ߚ௔௖௧ = 10 
deg. 
 
Fig. 13. The iCOMPOSE electric vehicle demonstrator with the Corrsys Datron 
sensor installed on the front end. 
Fig. 14a shows the measured sideslip angle for the different 
configurations; Fig. 14b plots ݎ௦, ݎ௛, ݎ௥௘௙  and ݎ for ߚ௧௛ = 20 
deg; Fig. 14c includes the total wheel torque demands on the 
left- and right-hand sides of the vehicle for the different control 
settings. Table 5 reports the respective performance indicators. 
The YR-ISMC leads to a divergent ߚ behavior; instead, with 
the sideslip-based reference yaw rate correction, ߚ converges to 
a steady-state value that is intermediate between ߚ௔௖௧  and ߚ௧௛, 
confirming the effectiveness of the proposed scheme. In 
particular, in Fig. 14b ݎ௥௘௙  is initially equal to ݎ௛, then at ≈2 s, 
the sideslip-based correction is activated as |ߚ| > ߚ௔௖௧  (see Fig. 
14a), and ݎ௥௘௙ decreases, reaching ݎ௦ at ≈3.5 s. In Table 5, 
ܴܯܵܧఉ decreases with ߚ௧௛ , which means that for low sideslip 
thresholds the controller applies a greater yaw rate correction to 
limit the sideslip angle. On the other hand, the ܴܯܵܧ௥ does not 
significantly change among the four controlled configurations, 
because the same high-level controller, i.e., the PI with the 
integral sliding mode perturbation compensator, is adopted. 
Fig. 14. Experimental results, Enhanced Sport Mode and passive vehicle, step 
steer, 80 km/h, 100 deg of final steering wheel angle, YR-ISMC and ISMC 
(߂ܽ௬ = 1 m/s2, ݇ଵ = ݇ଶ = 1). a) Sideslip angle for the controlled vehicle for 
different values of ߚ௧௛ and for the passive vehicle; b) Yaw rates for ߚ௧௛ = 20 
deg; c) Total left- and right-hand side wheel torque levels for different values 
of ߚ௧௛. 
TABLE 5 
PERFORMANCE INDICATORS OF THE CONTROLLED VEHICLE FOR THE 
EXPERIMENTAL STEP STEER TESTS 
(ISMC WITH ߂ܽ௬ = 1 m/s2, ݇ଵ = ݇ଶ = 1). 
 YR-ISMC 
ISMC 
ߚ௧௛ = 6 deg 
ߚ௔௖௧ = 1.5 deg 
ISMC 
ߚ௧௛ = 14 deg 
ߚ௔௖௧ = 5 deg 
ISMC 
ߚ௧௛ = 20 deg 
ߚ௔௖௧ = 10 deg 
ܴܯܵܧ௥ (deg/s) 3.69  3.62  3.13  3.13  
ܴܯܵܧఉ  (deg/s) 0 6.39 4.94 3.85 
ܫܣܥܣ (Nm) 1911  1999 1357  1233 
max|ߚ| (deg) 29.79 6.89  13.74  20.09  
max|ߚ஽| (deg) 32.77 9.92 16.74 23.10 
a) 
 
b) 
 
c) 
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a) 
 
b) 
 
Fig. 15. Experimental results, Enhanced Sport Mode, step steer, 80 km/h, 100 
deg of final steering wheel angle, YR-ISMC and ISMC (݇ଵ = ݇ଶ = 1). a) 
Sideslip angle for different values of ߚ௔௖௧, with ߚ௧௛ = 20 deg and ߂ܽ௬ = 1 m/s2; 
b) Sideslip angle for different values of ߂ܽ௬, with ߚ௔௖௧ = 1.5 deg and ߚ௧௛ = 6 
deg. 
An experimental sensitivity analysis was carried out to 
understand the effect of the tuning parameters ߚ௔௖௧  (Fig. 15a) 
and ߂ܽ௬ (Fig. 15b) during the same maneuver. In particular, in 
Fig. 15a, if ߚ௔௖௧  is too small, the sideslip-based correction 
intervenes too early, causing ߚ to differ from that of the YR-
ISMC case much earlier than ߚ௧௛; in particular, from ݐ	 = 1.5 s 
to 2 s ߚ increases slowly and reaches ߚ௧௛  only at a later stage of 
the maneuver, hindering the purpose of the Enhanced Sport 
Mode. In contrast, if ߚ௔௖௧  is too large the sideslip-based 
correction intervenes too late, causing significant overshoots of 
ߚ with respect to ߚ௧௛. In Fig. 15b ߂ܽ௬ = 0 m/s2 does not 
guarantee a sufficient sideslip-based correction, while ߂ܽ௬ = 2 
m/s2 causes oscillations of ߚ around ߚ௧௛. 
Overall, the experimental sensitivity analysis highlights the 
importance of appropriate tuning of the controller parameters, 
and the general predictability of the system response depending 
on the controller set-up. This makes the proposed reference yaw 
rate formulation suitable for vehicle testing engineers without 
prior knowledge in advanced control theory, and will facilitate 
its industrial implementation. 
V. CONCLUSION 
The analysis of this paper leads to the following conclusions: 
 Effective continuously active control of yaw rate and 
sideslip angle is accomplishable with a SISO formulation – 
a feedback yaw rate controller in which the reference yaw 
rate is modified according to the actual sideslip angle. In 
particular, if the vehicle operates at the limits of handling 
and the sideslip angle exceeds a tunable threshold, the 
reference yaw rate coincides with the so-called stability yaw 
rate (which is a function of the measured lateral 
acceleration) and the yaw rate controller operates as a 
sideslip rate regulator.  
 The controlled system with the proposed SISO formulation 
was modeled as a switched linear system, and the related 
theory was used to infer controller stability. Frequency 
domain analyses were adopted to systematically understand 
the effect of the controller parameters on the system 
response. 
 The proposed SISO controller significantly increases the 
stable region of vehicle operation on the ̇ߚ(ݐ)-ߚ(ݐ) phase-
plane, both in the Sport Mode and the Enhanced Sport 
Mode. A new equilibrium appears for initial conditions that 
are unstable with the feedback controller only based on yaw 
rate. The new equilibrium is determined by the thresholds 
of the sideslip-based yaw rate correction.  
 The simulations show that the continuous actuation of direct 
yaw moment control based on yaw rate tracking without 
adaptability to swiftly variable tire-road friction conditions 
can generate more safety-critical vehicle response than a 
vehicle with constant wheel torque distribution. In contrast, 
the proposed sideslip-based reference yaw rate correction 
provides safe vehicle operation in the same conditions, and 
limits the yaw rate overshoots by providing intrinsic tire-
road friction adaptation with a simple control structure. 
 Several feedback controllers were assessed with the 
sideslip-based reference yaw rate correction. In particular, 
the ISMC formulation provides better performance than the 
FF+PI and Hஶ controllers. However, the reference yaw rate 
formulation has higher impact on the results than the 
selected feedback control structure. 
 The experimental tests demonstrated the operation of the 
proposed yaw rate formulation in controlled drift conditions 
with multiple sideslip angle thresholds, and the easy and 
predictable tunability of the sideslip angle limitation. 
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